A palstar (after Knuth, Morris, and Pratt) is a concatenation of even-length palindromes. We show that, asymptotically, there are Θ(α n k ) palstars of length 2n over a k-letter alphabet, where α k is a constant such that 2k − 1 < α k < 2k − 1 2 . In particular, α 2 . = 3.33513193.
Introduction
We are concerned with finite strings over a finite alphabet Σ k having k ≥ 2 letters. A palindrome is a string x equal to its reversal x R , like the English word radar. If T, U are sets of strings over Σ k then (as usual) T U = {tu : t ∈ T, u ∈ U}. Also T i = i T T · · · T and T * = i≥0 T i and T + = i≥1 T i . We define P = {x x R : x ∈ Σ + k }, the language of nonempty even-length palindromes. Following Knuth, Morris, and Pratt [4] , we call a string x a palstar if it belongs to P * , that is, if it can be written as the concatenation of elements of P . Clearly every palstar is of even length.
We call x a prime palstar if it is a nonempty palstar, but not the concatenation of two or more palstars; alternatively, if x ∈ P + − P 2 P * where − is set difference. Thus, for example, the the English word noon is a prime palstar, but the English word appall and the French word assailli are palstars that are not prime. Knuth, Morris, and Pratt [4] proved that no prime palstar is a proper prefix of another prime palstar, and, consequently, every palstar has a unique factorization as a concatenation of prime palstars.
A nonempty string x is a border of a string y if x is both a prefix and a suffix of y and x = y. We say a string y is bordered if it has a border. Thus, for example, the English word ionization is bordered with border ion. Otherwise a word is unbordered. Rampersad et al. [7] recently gave a bijection between the unbordered strings of length n and the prime palstars of length 2n. As a consequence they obtained a formula for the number of prime palstars.
Despite some interest in the palstars themselves [5, 1] , it seems no one has enumerated them. Here we observe that bijection mentioned previously, together with the unique factorization of palstars, provides an asymptotic enumeration for the number of palstars.
Generating function for the palstars
Again, let k ≥ 2 denote the size of the alphabet. Let p k (n) denote the number of palstars of length 2n, and let u k (n) denote the number of unbordered strings of length n. Lemma 1. For n ≥ 1 and k ≥ 2 we have
Proof. Consider a palstar of length 2n > 0. Either it is a prime palstar, and by [7] there are u k (n) = u k (n)p k (0) of them, or it is the concatenation of two or more prime palstars. In the latter case, consider the length of this first factor; it can potentially be 2i for 1 ≤ i ≤ n. Removing this first factor, what is left is also a palstar. This gives u k (i)p k (n − i) distinct palstars for each i. Since factorization into prime palstars is unique, the result follows. Now we define generating functions as follows:
The first few terms are as follows:
.
Proof. From Lemma 1, we have
from which the result follows immediately.
3 The main result
such that the number of palstars of length 2n is Θ(α n k ).
Proof. From Theorem 2 and the "First Principle of Coefficient Asymptotics" [2, p. 260], it follows that the asymptotic behavior of [X n ]P k (X), the coefficient of X n in P k (X), is controlled by the behavior of the roots of U k (X) = 2. Since u k (0) = 1 and U k (X) → ∞ as X → ∞, the equation U k (X) = 2 has a single positive real root, which is ρ = ρ k = α
Recalling that u k (n) is the number of unbordered strings of length n over a k-letter alphabet, we see that u k (n) ≤ k n − k n−1 for n ≥ 2, since k n counts the total number of strings of length n, and k n−1 counts the number of strings with a border of length 1. Similarly
since this quantity represents removing strings with borders of lengths 1, 2, . . . , n/2 (resp., 1, 2, . . . , (n + 1)/2) if n is even (resp., odd) from the total number. Here we use the classical fact that if a word of length n has a border, it has one of length ≤ n/2. It follows that for real X > 0 we have
Similarly for real X > 0 we have
This gives, for k ≥ 2, that
It follows that
To understand the asymptotic behavior of [X n ]P k (X), we need to rule out other (complex) roots with the same absolute value as ρ. Suppose there is another solution X = ρe iψ with −π < ψ < 0 or 0 < ψ ≤ π. Then
We must have n≥0 u k (n)ρ n sin nψ = 0. Hence
This is a contradiction, so | cos nψ| = 1 for all n. Hence cos nψ = ±1 for all n. Thus nψ = ±π + 2πl n for all n and l n is an integer for all n. Since cos x = cos(−x), we may suppose that 0 < ψ ≤ π. If ψ = π then X = −ρ. But then, using the fact that u k (1) = k, we get
This contradiction shows that we may suppose 0 < ψ < π. Suppose cos nψ = ±1 for all n. Then for all n nψ = ±π + 2πl n where l n is an integer. Thus nψ/π = ±1 + 2l n for all n. From Dirichlet's diophantine approximation theorem (e.g., [3, Thm. 185]), given ψ/π and an integer q ≥ 1, there are infinitely many n and integers x such that
Thus x − 1/q < nψ/π < x + 1/q and |±1 + 2l n − x| < 1 q .
Choosing q > 1 we see that ±1+2l n −x is an integer < 1 in absolute value. Thus ±1+2l n −x = 0, and so nψ/π is an integer for infinitely many n. Thus ψ/π = p/m or ψ = (p/m)π and we may suppose p and m are coprime. We have seen that if X = ρ n e nip/m and if | cos np/m| < 1 for any n we have a contradiction. Therefore for all n we have
Thus npπ/m = lπ for all n. Thus m divides n for all n. This is a contradiction if n = m + 1.
has only one singularity x = ρ > 0 with |x| = ρ.
It remains to determine the order of the zero ρ. From above U k (X) = 2 has a solution α
. Nielsen [6] showed that u k (n) ∼ c k k n for a constant c k . Thus U k (X) has radius of convergence 1/k. Thus 1/α k is in the region where U k is analytic. Thus 2 − U k (X) is analytic at 1/α k and has a zero at 1/α k of multiplicity m. If m ≥ 2 then the derivative of 2 − U k (X) equals 0 at X = 1/α k . However U ′ k (X) > 0 since u k (n) > 0 for some n. Thus 2 − U k (X) has a simple zero at X = 1/α k , and so P k (X) has a simple pole at X = 1/α k . Near α −1 k the generating function U k (X) has the expansion 2 + C k (X − α
has no singularity on |X| = 1/α k so has radius of convergence > 1/α k . Here
It now follows from standard results (e.g., [2, Thm. IV.7, p. 244]) that
Numerical results
Here is a table giving the first few values of P k (n). To determine an asymptotic expansion for α k as k → ∞, we compute the Taylor series expansion for P k (n)/P k (n + 1), treating k as an indeterminate, for n large enough to cover the error term desired. For example, for O(k −10 ) it suffices to take k = 16, which gives 
